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The "core flow" approximation for liquid metal (LM), magnetohydrodynamic (MHD) duct flow is a method that ignores the contributions of viscous forces in the fluid.
For a fully developed, steady state flow situation, this approximation leaves the magnetic forces to be balanced only by the pressure gradient and results in a greatly simplified momentum equation. The velocity field predicted by the core flow equations is obtained much more easily than that described by the "full" solution, which usually requires a numerical approach. For this reason it is desirable to use the core flow method for flow situations in which viscosity has little effect. Developed here is an analytic core flow solution for a square duct in an obliquely incident magnetic field which omits any special treatment of boundary layers. This solution is compared to the full solution method developed in the code MH2D1 and a parametric comparison is performed.
This general analytic approach can be expanded to consider rectangular ducts or walls of different thickness and electrical conductivity. The latter, however, will greatly complicate the equations presented here.
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The core flow fluid equations are the starting point in this effort to determine the current, potential, and velocity field of a liquid metal flowing through a square duct in the presence of an obliquely incident magnetic field. These equations are:
v y = 0
Mass Conservation Eq.
v-2 = o Current Conservation Eq.
-
Ohm's Law where p is the pressure, 1 is the current density, velocity, CY is the electrical conductivity, and (I is the electric potential. Notice that these is the magnetic field, y = (u,v,w) is the equations are for the steady state case and the field induced by the currents is neglected.
The duct geometry for the problem solved here is given in figure 1 below. 
The results obtained from the core flow equations are summarized in Table I .
From above we see that it is possible to find the velocity distribution provided the functions f(x) and g(x) are known. To do this we need to impose electric boundary conditions at the left and right walls and use the information given about f and g in Table I to determine their behavior inside the duct. The thin wall boundary condition2
where is the unit vector normal to the wall and directed into the fluid, s is the distance along the wall, and t is the wall thickness; will accomplish this purpose. The normals and derivatives are given in Table II . 
Using these definitions and the fact that the potential on the right wall can be found in terms off and g by using the 6's from Table 11 and equation 6, it is possible to construct from the thin wall boundary condition a coupled set of differential equations for f and g in each region. Nondimensionalizing the variables with * J = J*ofVJ3, 4) =4)*aVoB, and x = x a, the above mentioned equations take on the form
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i OWt Ofa where iD = -is defined as the wall conductance ratio, and the *'s have been dropped for convenience (see appendix I for a more detailed discussion of this development).
The construction of a solution for these DE'S requires that boundary conditions for f and g be given at x=O and X=Xm. Also, some sort of matching conditions are needed at the region boundary. Since the potential can be specified at any one point in the duct, it is convenient to set it to zero at x (and y) = 0. From this we can say that Limx=,o @LB = 0.
Expanding this out gives two conditions at x = 0.
At the mid-plane, x = Xm, a symmetry condition exists for the current such that -= 0 (bc3). Another condition here is conservation of current. All the current going up through the mid-plane in the fluid, must return through the walls. This condition is expressed by or substituting for @L,R; These conditions are augmented by continuity conditions at the boundary interface, x = xi. At this interface the potentials and the currents in the left and right walls are assumed to be continuous. This fact gives three simple conditions; and one more complicated condition;
These eight conditions and equations 8-1 1 completely describe the functions f and g and can be solved analytically.
The solution of these equations is somewhat long but generally straightforward. In . each region it is possible to substitute the first equation into the second in order to elirninate g. The resulting equation contains only f and can be solved. This result is then substituted back into the first equation, which is now solved for g. The form of the solution and the four constants of integration associated with it will be different in each region. The integration constants are then determined through the application of the eight boundary conditions given above. These solutions for f and g are given on the following page where
In denotes the modified Bessel function of the frst kind of order n. The C constants are groupings that appear after the substitutions described above are executed, while the A's are constants of integration that were too lengthy to be put into the solutions directly.
Notice that the A's are solved for in terms of each other, but if they are evaluated in the order given, then all information necessary has already been computed. where A is the cross-sectional area of the duct (in our non-dimensional case this is one), and where the nondimensionalized form of equation 7 was used to substitute for the velocity. Using the nondimensionalized equation 6 and equations 12,13,14, and 15; the above integral can be computed and is given as
The normalization factor is easily found by evaluating <w> with Jxo = 1. Then all subsequent velocty solutions should by multiplied by the this factor, nf = <w> . 1 Thus we have constructed a solution to the core flow equations that will yield the current, potential, and velocity profiles throughout the bottom half duct. The top half can be found through symmetry giving a complete solution throughout the entire duct..
ITT. COM PARTSON TO FU LL so LUTTON
As stated earlier the core flow approximation must be checked against the full solution in order to find its regime of applicability. The full solution, fully developed code MH2D will be used as the basis of comparison. It has proved to be accurate in a large number of geometries and for a variety of parameter ranges. A short code that evaluates the the core flow solution constructed from the nondirnensional form of equation 6 and the current and potential given in equations 12,13,14, and 15 will be used to generate the core approximation profiles. Both are plotted using "DISSPLA" graphics4. At 45" the potential has the same parabolic distribution in both walls that is predicted by the full solution. The symmetry at 45' causes the same amount of the Jxo current to be collected in each wall and thus Jr is almost zero since there is no potential difference between the walls. As the angle is reduced the core solution still accurately models the potential. When the thickness of the classical side layer (-Ha-1/2) becomes greater than the region I thickness, this is expected to break down. At zero angle the first grid point of the core flow solution will predict a parabolic potential distribution in the right wall consistent with the collection of the Jxo current, but the next grid point will jump discontinuously to a constant (in y) potential in the fluid. This response is the expected result that the potential does not change along field lines for a core flow approximation with the magnetic field parallel to the right wall. The full solution predicts the potential to change smoothly from the parabolic wall shape to the constant fluid shape over the thickness of the side layer.
Since the thickness of the side layer is generally small (for fusion) then it is difficult to distinguish between the two unless a fine grid is used close to the wall.
A typical set of velocity plots is shown in figure 4 and 5. From these plots we see the full solution is closely modelled by the core approximation when the angle of the field is relatively large. As the angle gets small, though, the electromagnetic shear layer is significantly influenced by the viscous forces tending to form a side layer. This side layer has a fmite width and a parabolic shape that can not be modelled by the core flow approximation. The angle at which the shear layer becomes a side layer, and thus the angle at which the core flow solution becomes an increasingly bad representation of velocity, is estimated through the visual comparison of many sets of plots and is given in Table III as a function of Ha and Q,. The presence of a discontinuity in the velocity profile of the core solution is allowed due to the lack of viscosity and thus the lack of derivatives of in the basic set of equations. This discontinuity, resulting directly from the boundary condition implementing continuity of current through the comer at x = xi (bc8), runs across the plotting grid and causes a sawthooth pattern to appear. Due to the fiiite number of grid points and the fact that the grid lines do not coincide with the discontinuity line (except at 8 = 0), this sawtooth pattern always appears to some extent, but it is not a feature of the solution, which is smooth.
The general trends of the angle of agreement can be discerned from Table III . As is well known, the core flow approximation is the correct full solution at infinite Hartmann number. Thus the trend for better agreement between the solutions with an increase in Ha is not surprising. In the general area Q, of order (0.01), increases in Q, also tend to enhance agreement. This seems to be largely due to an increased interaction of the field with the fluid. The thin wall boundary condition tow ------, is written at each wall and in each region using the definitions of and a/ds given in Table II where the 6~& denotes the distance from the left wall to the right wall in each separate region. For the case of the square duct, these 6's are given in Table 11 . For a rectangular duct, however, they are easily computed from the geometry of the problem. Application of these substituions and a little rearranging for the case where all the wall conductivities and thicknesses are equal will give the dimensional form of the equations presented 8,9, 10, and 11. For a square duct the choice of the characteristic length is easy. 
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